Abstract. We study the number and nature of solutions of the equation φ(n) = φ(n + k), where φ denotes Euler's phi-function. We exhibit some families of solutions when k is even, and we conjecture an asymptotic formula for the number of solutions in this case. We show that our conjecture follows from a quantitative form of the prime k-tuples conjecture. We also show that the prime k-tuples conjecture implies that there are arbitrarily long arithmetic progressions of equal φ-values.
Introduction
Our objective in this paper is to study the number and nature of the solutions to the equation
for a fixed value of k. Here φ(n) is Euler's φ-function which counts the number of positive integers less than or equal to n that are relatively prime to n. As we will be considering the number of solutions to (??), it is convenient to define the function P (k; x) = |{n ≤ x : φ(n) = φ(n + k)}| . (2) In 1972, M. Lal and P. Gillard [?] used an IBM 1620, Model 1, to determine all solutions to (??) for each 1 ≤ k ≤ 30 in the range 1 ≤ n ≤ 10 5 . They produced a table of values for P (k; x) for each k in the stated range and x taken in increments of 10 4 . Other authors have extended the searches of Lal and Gillard in the case k = 1. The most extensive computations currently are due to R. Baillie [?] , who found 306 solutions of φ(n) = φ(n + 1) up to 10 8 . Using 18 Sun Sparc 5 workstations, we have extended Lal and Gillard's computations of P (k; x). Our computations were performed in three stages. For the first stage, we used Mathematica software to compute all solutions to (??) for 1 ≤ k ≤ 30 and n ≤ 10
8 . In addition to counting the number of solutions to (??) for each k, we also saved the solutions for further analysis. The built-in Mathematica function EulerPhi was used to compute the φ-values in this stage. In the case of k = 1, our computations agree with those of Baillie.
For the second stage, we extended our computations of solutions to (??) to 1 ≤ k ≤ 100 and n ≤ 10 10 . We used the C++ programming language to implement simple sieving and scanning procedures to compute the necessary φ-values and then look for solutions to (??). The values of P (k; x) computed in this stage were compared to those computed using Mathematica in the first stage to verify the consistency of the two programs. A summary of these computations is contained in Table 1 .
The final computing stage was motivated by the scarcity of solutions to (??) found in the first two stages when k ≡ 3 mod 6. We used the same sieving procedure as in the second stage to compute φ-values, but altered the scanning procedure to search only for solutions to (??) corresponding to 1 ≤ k ≤ 100 and k ≡ 3 mod 6. We checked all values of n satisfying 10 10 ≤ n ≤ 10 11 , and found two solutions to (??) in this range. These solutions are discussed in more detail in the next section.
L. Moser [?] noted that if p and 2p − 1 are both odd primes and n = 2(2p − 1), than φ(n) = φ(n + 2). More generally, A. Schinzel [?] observed that if p and 2p − 1 are primes that do not divide the even number k, and
then n is a solution of (??). There is a conjecture due to Dickson [?] known as the prime k-tuples conjecture; a special case of this conjecture is that there are infinitely many primes p with 2p − 1 prime. Therefore, Dickson's conjecture combined with Schinzel's observation implies that (??) has infinitely many solutions when k is even. In this paper, we generalize Schinzel's observation to obtain more solutions to (??). By appealing to a quantitative form of Dickson's conjecture, we conditionally prove an asymptotic formula for the number of solutions to (??) when k is even.
Our computations imply that solutions of (??) are very sparse when k is odd, especially when k ≡ 3 mod 6. Despite this, we believe it is likely that there are infinitely many solutions to (??) for each k, and that our numerical evidence is simply not extensive enough to overwhelmingly suggest that this is the case. It is interesting to note that little is known unconditionally about the number of solutions to (??). In 1956, W. Sierpiński [?] showed that for each k there is at least one value of n such that (??) is satisfied. (The proof is easy: Let p be the smallest prime not dividing k, and then set n = (p − 1)k.) In 1958, Schinzel [?] showed that there are at least two solutions to (??) for all k ≤ 8 × 10 47 , and in the following year Schinzel and A. Wakulicz [?] extended this result to all k ≤ 2 × 10 58 . We also consider arithmetic progressions of equal φ values. For example, we show that Dickson's conjecture implies that for any q, there is some k and infinitely many n such that
In addition, we have also determined the number of such progressions for 1 ≤ k ≤ 100 and n ≤ 10 10 . A summary of these results is given in Section 5.
2. Discussion of Table 1   Table 1 gives values of P (k; x) for 1 ≤ k ≤ 100 and x = 10 8 , 10 9 , and 10 10 . It is immediately evident from the data in Table 1 that the solutions to (??) are much more common for k even than for k odd. When k is odd, the case k ≡ 3 mod 6 is particularly striking. Up to n = 245 there are a few solutions for various values of k ≡ 3 mod 6, but then they appear to die out. As we mentioned in the introduction, we extended our search up to n ≤ 10 11 for these k. We found only three such values of n with 245 < n ≤ 10 11 . The three values are given in Table 2 ; they correspond to k = 27, 81, and 81 respectively.
The following observations may help to explain why solutions are so rare when k ≡ 3 mod 6. If φ(n) = φ(n ), where n and n are both large and close together, then φ(n)/n is approximately equal to φ(n )/n . The fraction φ(m)/m depends solely on the prime factors of m, and is principally determined by the small prime factors of m. When n = n + k, where k ≡ 3 mod 6, then one of n and n is divisible by 2 (say n for the sake of this discussion), while the other is not, and either both are divisible by 3 or neither are. Thus the smallest prime 2 pushes φ(n)/n and φ(n )/n apart, and the next smallest prime 3 can not help narrow the difference. This requires n (which is odd) to be divisible by a large number of small primes greater than 3, and n (which is even) to be free of small prime factors greater than 3. Moreover, since n is divisible by a large number of primes, φ(n ) must be divisible by a large power of 2, which in turn forces n to be divisible by either a large power of 2 or odd primes p such that p − 1 is divisible by a large power of 2, or some combination of both. (These properties are evident in our three large solutions above.) All of these constraints seem to conspire to push additional solutions to (??) for k ≡ 3 mod 6 to very high levels. Note that the three large solutions all correspond to values of k that are powers of 3. In the discussion above, this form of k presents the least difficulty, so perhaps it is not surprising that these solutions appear first. In general, the more small prime factors k has, the more difficult it will be to overcome the constraints described above. In the case of odd k ≡ 3 mod 6, the effects of these constraints are not as pronounced. They are evident, though. For example, examine the number of solutions when k is 5 mod 10.
By contrast, the situation for k even is much clearer. As mentioned earlier, there are many more solutions to (??) in these cases, and most of these solutions can be explained in a simple manner. Upon careful study of our computed solutions to (??) for even values of k, a generalization of Schinzel's observation (??) emerges. Once the proper form of the generalization is found, the proof follows easily. Theorem 1. Suppose that j and j + k have the same prime factors (so that k is even), and let g = (j, j + k). Suppose that for a positive integer r, j g r + 1 and j + k g r + 1 (4) are both primes that do not divide j. If
then φ(n) = φ(n + k). Table 2 . Exceptional solutions to φ(n) = φ(n + k).
Proof. We have
As j and j + k have the same prime factors, it follows (see [?] , Theorem 62) that
which completes the proof.
In order to determine how many solutions n of (??) are of the form (??) in Theorem 1, we first need to find values of j for which j and j + k have the same prime factors. For k even, 2 ≤ k ≤ 30, Table 3 contains all values of j which satisfy the hypotheses of Theorem 1. Further analysis of Table 3 is given in the next section.
3. When do j and j + k have the same prime factors?
Let P be a finite set of primes, and let 1 = n 1 < n 2 < . . . be the integers composed of primes in P . A result of A. Thue [?] (see also G. Pólya [?] and R. Tijdeman [?] ) states that lim i→∞ (n i+1 −n i ) = ∞. Therefore, for a given k, there are only finitely many values of j such that j and j + k have the same prime factors. Tijdeman's result is effective, so that in principle one could determine all the desired pairs via an exhaustive search. Unfortunately, the bounds are so large that such a search is not feasible. However, it turns out that for each even k ≤ 30, elementary techniques suffice to completely determine all possible values of j.
To illustrate the techniques used, we focus on the case k = 6. As k = 2 · 3, it follows that there are three possibilities for the prime factors of j and j + k: j = 2 a , j + k = 2 c ; Table 3 . Values of j for which j and j + k have the same prime factors.
In the first case, we have Now (??) has solutions with (x, y) = (1, 1) and (3, 2). These solutions correspond to j = 12 and j = 48 respectively. Any other solution must have x ≥ 4, which we now assume. Reducing mod 16 gives y ≡ 0 mod 4; this in turn gives 3 y ≡ 1 mod 5. However, we then obtain the congruence 2
x ≡ 0 mod 5, which clearly has no solutions. The case a = 1 can be done in a similar fashion; it yields a solution corresponding to j = 18 and no others. Thus the values of j given in Table 3 form a complete list of the values of j such that j and j + 6 have the same prime factors.
We have shown that the other entries in Table 3 Let C 2 be the "twin-prime constant" given by
Asymptotics
From Theorem 1, we see that for a fixed even number k, to prove that φ(n) = φ(n+k) for infinitely many n, it suffices to show that there are infinitely many integers r such that r+1 and 2r+1 are both prime. Unfortunately, this is a very difficult open problem. It is, however, a special case of Dickson's prime k-tuples conjecture [?] and Schinzel's Hypothesis H [?]. Instead of stating these well-known conjectures in all their generality, we give only the following simple special case, which is all we shall need. Conjecture 1. Let a 1 , a 2 , . . . , a g be distinct positive integers. Then there are infinitely many integers r such that a 1 r + 1, a 2 r + 1, . . . , a g r + 1 are all prime.C 2 = p>2 1 − (p − 1) −2 . = 0.660161815847 .
Conjecture 2.
Suppose that a and b are relatively prime natural numbers with b < a. Then, as x → ∞,
We note that the integral on the right side of (??) can be replaced by x/ log 2 x without changing the asymptotics. Using Mathematica and the information in Table 3 , we determined the number of solutions to (??) for even k ≤ 30 and n ≤ 10 8 that are of the form (??) given in Theorem 1. Table 4 provides a summary of the number of such solutions as well as the proportion of the total number of solutions that these special solutions represent. Based on the evidence, we conjecture that these special solutions have density 1 among the set of all solutions to (??). To support this conjecture, we prove that it follows from Conjecture 2. But first we give the following unconditional result.
Theorem 2. Let P 1 (k; x) be the number of solutions n ≤ x to φ(n) = φ(n + k) that are not in the form (??) given in Theorem 1. In particular, when k is odd, P 1 (k; x) = P (k; x). Then for every k, there is some x 0 (k) such that if x ≥ x 0 (k), then P 1 (k; x) < x/ exp(log 1/3 x).
Proof. P. Erdős (log x) 1/3 log log x , and let P (n) denote the largest prime factor of n. We assume that (i) P (n) ≥ L 2 and P (n + k) ≥ L 2 . We also assume that (ii) if r a divides n or n + k and a ≥ 2, then r a ≤ l 3 . As shown in [?], the number of n ≤ x not satisfying (i) and (ii) is o(x/l). From these conditions, we see that there are primes p, p and integers m, m such that n = mp, n + k = m p and (m, p) = (m , p ) = 1. From this and the assumption that φ(n) = φ(n + k), we see that 
We deduce that m/g divides p − 1, so there is some r such that p = m g r + 1 and p = m + k g r + 1. (13) All of this together shows that n is of the form given in Theorem 1, and this completes the proof.
, where * runs over all j such that j and j + k have the same prime factors, * runs over all primes p > 2 such that p|jk(j + k)/g 3 , and g = (j, j + k). Then 0 < c(k) < ∞ and if Conjecture 2 is true, then
Proof. First, we note that if we fix an even number k, there is at least one number j such that j and j + k have the same prime factors, namely j = k. Further, as noted at the beginning of Section 3, it follows from [?] that there are only finitely many such integers j. Thus, 0 < c(k) < ∞. Now assume that Conjecture 2 is true. For each j satisfying the hypotheses of Theorem 1, the formula (??), with a = (j + k)/g and b = j/g, gives a conditional estimate for the number of pairs of the form (??) which are both primes. Summing over each j yields the expression
which is asymptotically equal to the right-hand side of (??). Theorem 2 asserts that the additional solutions not in the form of Theorem 1 are negligible, so the result follows.
We remark that for numerical purposes it can be advantageous to replace the right side of (??) with (??). In Table 5 , we give the number of solutions predicted by the formula given in (??) up to x = 10 10 for each even k ≤ 30. We also give the ratio of the predicted number of solutions to the computed number of solutions. are all prime, and n = (p+b)((c+1)p−c), then φ(n) = φ(n+k). In this case, we can use sieve methods to show that the number of such solutions for n ≤ x is O(x 1/2 log −4 x). Thus, solutions of this type will contribute to the growth of P (k; x), but if we assume that Conjecture 2 holds, such solutions will not occur frequently enough to alter the formula in (??).
One might ask if a typical solution to the equation φ(a) = φ(b) with a < b is of the form given in Theorem 1 (with n = a and k = b − a). Especially in light of the above results it is tempting to conjecture this is the case. To specify things, let P 0 (k; x) be the number of solutions n ≤ x of (??) in the form considered in Theorem 1. Thus, P (k; x) = P 0 (k; x) + P 1 (k; x), and Corollary 1 asserts that if Conjecture 2 is true, then P (k; x) ∼ P 0 (k; x) as x → ∞ for each fixed even number k. Is it true that
Or perhaps
In fact the answer to both questions is a resounding "No!"
We first note that from the argument in [?] there is a positive constant α such that (1)) log x log log log x/ log log x), and from a conjecture there, one can deduce that the sum in (??) is equal to this expression.
So what can we say about k≤x P 0 (k; x)? The following result shows that it is asymptotic to a constant times x, so it is much smaller than the sums in (??). Then c < ∞ and k≤x P 0 (k; x) ∼ cx as x → ∞.
Proof. First we show c < ∞. Note that the summand in the definition of c is less than 1/abrγ(a)γ(b). From Brun's method, uniformly in a, b, y,
We apply this with y = 2 j , j = 0, 1, . . . , and so get that
To show c < ∞ it suffices to show that
since by (??),
To see (??), note that 1/φ(a)γ(a) is a multiplicative function whose value at the prime power p b is 1/p b (p − 1). Thus the sum in (??) is equal to
Now we complete the proof of the theorem. A solution to φ(n) = φ(n + k) of the type considered in Theorem 1 corresponds to a quadruple g, r, a, b where a < b, (a, b) = 1, ar + 1 and br + 1 are prime, γ(a)γ(b)|g, and ar + 1, br + 1 do not divide g. The correspondence is that n = ga(br + 1) and k = g(b − a). Thus, k≤x P 0 (k; x) is the number of such 4-tuples g, r, a, b with ga(br + 1) ≤ x.
For a, b, r given, we count the number of corresponding g's. This is the number of g's with g ≤ x/a(br + 1), g ≡ 0 mod γ(a)γ(b) and (g, (ar + 1)(br + 1)) = 1. For this count to be nonzero, it is necessary that (ab, (ar + 1)(br + 1)) = 1. (Note that (ab, br + 1) = 1 all the time and (a, ar + 1) = 1 all the time, so the only condition is that (b, ar + 1) = 1.) So the number of g's is the number of h's with h ≤ x/a(br + 1)γ(a)γ(b) and (h, (ar + 1)(br + 1)) = 1. The number of h's is ≤ x/abrγ(a)γ(b), and as we have seen above, the sum of this expression over legal choices for a, b, r converges. So we may ignore, say, those values of a, b, r with abr ≥ x 1/10 . For any choice of a, b, r the number of h's is equal to
with an error at most 2 in absolute value. Since we need only consider those a, b, r with abr < x 1/10 , the errors are negligible and the theorem is proved.
One might wonder how it can be that k≤x P 0 (k; x) can be so much smaller than k≤x P (k; x). Part of the mystery might be explained by the expression c(k) in Corollary 2, which decays rapidly as k grows.
Arithmetic Progressions
In the course of our investigation, we also determined all solutions for n ≤ 10 10 to the equation
In the case k = 1, there is the well-known progression φ(5186) = φ(5187) = φ(5188); we found no other such progressions with common difference 1. Erdős [?] has conjectured that (??) is solvable for k = 1 and any arbitrary q. Note that a solution with q > 2 immediately implies that φ(n) = φ(n + 3), and so n > 10 11 . On the other hand, we know of no reason why such solutions should not exist. In general, for values of k that are not multiples of 6, we found only a few progressions of length 3, and none longer. Specifically, there is exactly 1 progression of length 3 when k is in the set {1, Finally, there are exactly 3 progressions of length 3 when k = 64 or k = 68. We found no more than three progressions of length 3 for any values of k ≤ 100 that is not a multiple of 6.
q \ k  6  12  18  24  30  36  42  48  2  329118 183712 130686 102936 245103 73784 121860 58188  3  8461  4852  3520  2807  5518 2018  1883 Table 6 . Number of solutions to (??) for n ≤ 10 10 .
By contrast, we found many solutions to (??) when k is a multiple of 6. Table 6 contains a summary of the number of such solutions up to q = 5, the largest value of q for which a progression was found among the numbers up to 10
10 . The first progression of length 6 that we found has k = 30; it is φ(583200) = φ(583230) = φ(583260) = φ(583290) = φ(583320) = φ(583350) = 155520. The proof is a straightforward extension of the proof of Theorem 1; we leave it as an amusing exercise for the reader.
This theorem gives an explanation for why we found a preponderance of arithmetic progressions when k is a multiple of 6. For if k is a multiple of 6, then the hypotheses of Theorem 4 are satisfied with q = 2 and a 0 = 6, a 1 = 3, a 2 = 2. If 6r + 1, 3r + 1, and 2r + 1 are all prime and if n = k(6r + 1), then φ(n) = φ(n + k) = φ(n + 2k), and Conjecture 1 predicts that there are infinitely many such n. In fact, Conjecture 1 gives infinitely many solutions to (??) for any q.
Corollary 2. Assume that Conjecture 1 is true. Then for any positive integer q, there exists a positive integer k and infinitely many positive integers n such that φ(n) = φ(n + k) = . . . = φ(n + qk).
Proof. Let j be the product of all primes p ≤ q + 1, and take k = j. Then {j, j + k, . . . , j + qk} = {j, 2j, . . . , (q + 1)j}. Since all prime divisors of 1, 2, . . . , q + 1 divide j, we see that j, j+k, . . . , j+qk all have the same prime factors. In this case, a i = L/(i+1), where L = LCM[1, 2, . . . , q + 1]. It remains to note that Conjecture 1 implies that there are infinitely many integers r such that a 0 r + 1, a 1 r + 1, . . . , a q r + 1 are all prime, so that Theorem 4 completes the proof.
We have used the construction given in the last proof to search for long arithmetic progressions of equal phi-values. We took the above construction with q = 9, so that j = k = p≤10 p = 210 and a i = 2520 i + 1 for i = 0, . . . , 9. We searched for values of r < 10 9 such that a i r + 1 is prime for i = 0, . . . , 9. To speed up the search, we sifted out all values of r for which a i r + 1 has a prime divisor < 200 for some i. The only solution we found was r = 950077810. Consequently, taking n = 210(2520r + 1) = 502781177052210 and k = 210
gives an arithmetic progression of length 10 with equal phi-values. In other words, φ(502781177052210 + 210i) = 114921411897600 for 0 ≤ i ≤ 9.
All of the data described here, as well as the programs used, are available upon request from the second author.
